
1.)

a.

Question: Construct from first principles the hamiltonian fore a 1D harmonic
oscillator of mass m and spring constant k.

The kinetic energy is given by:

T =
1

2
mq̇2

While the potential energy is:

U =
1

2
kq2

As we know. L = T − U and H = pq̇ − L, leading to:

H =
p2

2m
+

1

2
kq2 (1)

or

H =
p2

2m
+

1

2
mωq2

b.

Question: Determine the constant C such that Q = C(p + imωq) and P =
C(p− imωq) define a canonical transformation.

There are multiple ways to show that a transformation is canonical, here I
use the fact that Poisson brackets are conserved on canonical transforms.

[p, q] = [P,Q]

[p, q] =
∂p

∂q

∂q

∂p
− ∂q

∂q

∂p

∂p
= −1

[P,Q] =
∂P

∂q

∂Q

∂p
− ∂Q

∂q

∂P

∂p
= (−imωC)C − C(imωC) = −2imωC2

So we have:

−2imωC2 = −1

C =

√
1

2imω

1



c.

Question: What is the generating function S(q, P ) for this transformation?
We have, by definition:

p =
∂S(q, P, t)

∂q
(2)

Q =
∂S(q, P, t)

∂P
(3)

So we can write:

p = imωq +
P

C
=
∂S

∂q

S =

∫ (
imωq +

P

C

)
dq =

Pq

C
+
imω

2
q2 + g(P ) (4)

Where g(P ) is some function depending only on P . Taking the derivative of Eq
4 with respect to P

∂S

∂P
=
q

c
+
dg

dP

And we know that the above should be equal to Q by Eq 3. So:

q

c
+
dg

dP
= C(2imωq +

P

C
)

dg

dP
=

q

C
− q

C
+ P

g(P ) =
1

2
P 2 (5)

Finally, putting it all together:

S(q, P ) =
1

2
P 2 +

qP

C
+

q2

4C2

d.

Question: Find Hamilton’s equations of motion for the new variables
We know that our new Hamiltonian, H̃(Q,P, t), if related to our coordinates

P and Q by:

Q̇ =
∂H̃

∂P
(6)

Ṗ = −∂H̃
∂Q

(7)
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But we can write Q̇ and Ṗ as:

Q̇ = C(ṗ+ imωq̇) (8)

Ṗ = C(ṗ− imωq̇) (9)

and using our hamiltonian, H(q, p, t) to derive q̇ and ṗ:

Q̇ = C(−mω2q + imω
p

m
) = Ciω(p+ imωq) = iωQ

Thus we can integrate the above equation to arrive at:

H̃(Q,P, t) = iωQP + g(Q) (10)

where again g(Q) is some function depending only on Q. Switching over to Ṗ :

Ṗ = C(ṗ− imωq̇) = −iωP = −∂H̃
∂Q

−∂H̃
∂Q

= −iωP +
∂g

∂Q

Thus g(Q) = 0 and we can see that our new Hamiltonian is given by:

H̃(Q,P, t) = iωQP

Using this Hamiltonian, we can trivially see that:

Ṗ = −iωP

Q̇ = iωQ

We can integrate these equations to find:

Q(t) = Q0 exp (iωt+ φ1) (11)

P (t) = P0 exp (−iωt+ φ2) (12)

or, substituting in for our original coordinates:

p(t) =
1

C
[Q0 exp (iωt+ φ1) + P0 exp (−iωt+ φ2)] (13)

q(t) =
1

2imωC
[Q0 exp (iωt+ φ1) − P0 exp (−iωt+ φ2)] (14)
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1.)

a.

Question: Construct from first principles the hamiltonian fore a 1D harmonic
oscillator of mass m and spring constant k.

The kinetic energy is given by:

T =
1

2
mq̇2

While the potential energy is:

U =
1

2
kq2

As we know. L = T � U and H = pq̇ � L, leading to:

H =
p2

2m
+

1

2
kq2 (1)

or

H =
p2

2m
+

1

2
m!q2

b.

Question: Determine the constant C such that Q = C(p + im!q) and P =
C(p� im!q) define a canonical transformation.

There are multiple ways to show that a transformation is canonical, here I
use the fact that Poisson brackets are conserved on canonical transforms.

[p, q] = [P,Q]

[p, q] =
@p

@q

@q

@p
� @q

@q

@p

@p
= �1

[P,Q] =
@P

@q

@Q

@p
� @Q

@q

@P

@p
= (�im!C)C � C(im!C) = �2im!C2

So we have:

�2im!C2 = �1

C =

r
1

2im!

1



c.

Question: What is the generating function S(q, P ) for this transformation?
We have, by definition:

p =
@S(q, P, t)

@q
(2)

Q =
@S(q, P, t)

@P
(3)

So we can write:

p = im!q +
P

C
=

@S

@q

S =

Z ✓
im!q +

P

C

◆
dq =

Pq

C
+

im!

2
q2 + g(P ) (4)

Where g(P ) is some function depending only on P . Taking the derivative of Eq
4 with respect to P

@S

@P
=

q

c
+

dg

dP

And we know that the above should be equal to Q by Eq 3. So:

q

c
+

dg

dP
= C(2im!q +

P

C
)

dg

dP
=

q

C
� q

C
+ P

g(P ) =
1

2
P 2 (5)

Finally, putting it all together:

S(q, P ) =
1

2
P 2 +

qP

C
+

q2

4C2

d.

Question: Find Hamilton’s equations of motion for the new variables
We know that our new Hamiltonian, H̃(Q,P, t), if related to our coordinates

P and Q by:

Q̇ =
@H̃

@P
(6)

Ṗ = �@H̃

@Q
(7)

2



But we can write Q̇ and Ṗ as:

Q̇ = C(ṗ+ im!q̇) (8)

Ṗ = C(ṗ� im!q̇) (9)

and using our hamiltonian, H(q, p, t) to derive q̇ and ṗ:

Q̇ = C(�m!2q + im!
p

m
) = Ci!(p+ im!q) = i!Q

Thus we can integrate the above equation to arrive at:

H̃(Q,P, t) = i!QP + g(Q) (10)

where again g(Q) is some function depending only on Q. Switching over to Ṗ :

Ṗ = C(ṗ� im!q̇) = �i!P = �@H̃

@Q

�@H̃

@Q
= �i!P +

@g

@Q

Thus g(Q) = 0 and we can see that our new Hamiltonian is given by:

H̃(Q,P, t) = i!QP

Using this Hamiltonian, we can trivially see that:

Ṗ = �i!P

Q̇ = i!Q

We can integrate these equations to find:

Q(t) = Q0 exp (i!t+ �1) (11)

P (t) = P0 exp (�i!t+ �2) (12)

or, substituting in for our original coordinates:

p(t) =
1

C
[Q0 exp (i!t+ �1) + P0 exp (�i!t+ �2)] (13)

q(t) =
1

2im!C
[Q0 exp (i!t+ �1)� P0 exp (�i!t+ �2)] (14)
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